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Abstract

In this thesis we construct 3-parameter families G(p, ¢, ) of embedded arcs with fixed bound-
ary in a 4-manifold. We then analyze these elements of m3Emby (I, M) using embedding cal-
culus by studying the induced map from the embedding space to “Taylor approximations”
TyEmby(I, M). We develop a diagrammatic framework inspired by cubical w-groupoids to
depict G(p,q,r) and related homotopies. We use this framework extensively in Chapter
4 to show explicitly that G(p,q,r) is trivial in m3T3Emby(I, M) (however, we conjecture
that it is non-trivial in m3T4Emby (7, M)). In Chapter 5 we use the Bousfield-Kan spectral
sequence for homotopy groups of cosimplicial spaces to show that the rational homotopy
group W?Emba(l, St x B?)is Q. This thesis extends work by Budney and Gabai in [BG21]

which proves analogous results for mEmbgy (I, M).
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Chapter 1

Introduction

M will denote a smooth, connected, compact 4-manifold with boundary with two specified
points g, *; € dM. We specify an outgoing (from dM) unit vector vy at *o and an incoming
unit vector vy at *;. I will denote the unit interval [0, 1].

In this thesis, we study the embedding space Embg (1, M) defined below.

Definition 1.0.1. Emby(I, M) is the space of C' embeddings of I into M with constant
speed such that 0 — %y and 1 — %7, and unit tangent vectors at those points are vy, v;

respectively.

Definition 1.0.2. v is a chosen interval in M which has endpoints *g, *; which will serve

as the base point in Emby (1, M).

In [BG21], Budney and Gabai construct non trivial elements of 7 (Emby(I, M)) based
at v for k = 1,2 and M = S' x B3. This thesis builds on their work and in Chapter 3 we
construct 3-parameter families of embeddings G(p, q,r): I* — Emby (I, M) that map to the
base loop v on the boundary.

Work of Goodwillie, Klein, Weiss in [GKW20] describe highly connected approximations
— TxEmby (I, M) for the embedding space we are studying — and show that m3Embg(1, M) is

isomorphic to m3TyEmby(1, M) and surjective onto m3T3Emby(7, M). Sinha in [Sin09] proves



that that T,,Embs(I, M) is homotopy equivalent to the space of strata preserving, aligned

maps between compactified n-point configuration spaces of I and M. We write this as

T,Emby (1, M) ~ Map®®(C/(I),C, (M))

From work in [BG21], the element in 7m373Emby (7, M) induced by G(p,q,r) is torsion. In
Chapter 4 we show (with an explicit homotopy) that this element is trivial in m3T3Emby(1, M)

using the mapping space model for T,Emby (7, M) that Sinha defines.

Theorem 1.0.3. The map T3G(p,q,7): I* — Map™(Cs(I),C5(M)) is homotopic to the

map induced by the constant map id.,: I* — Embs(I, M).

We conjecture that these elements are non-trivial in m3TyEmbg (1, M).

Compared to the constructions in [BG21], the maps we define have up to two additional
parameters with a maximum of 7, making purely geometric definitions generally infeasible.
To alleviate some of this dimensional burden, we develop notation and diagrams for concate-
nations and other operations on maps into a space from arbitrarily-high dimensional cubes.
Inspired by the theory of cubical w-groupoids,® these operations allow us to construct maps
from higher dimensional cubes in an algebraic manner from geometrically defined building
blocks, and our diagrams permit us to represent concatenations of high dimensional cubes
in up to 4 directions at once using only 2-dimensional pictures. It is our hope that the use
of this formalism makes our constructions more easily replicable for the reader, and that the
new operations we define are of independent interest.

One strategy to show an element like G(p, ¢, ) is non trivial is to look at the image of
the induced map between configuration spaces into m;Cy(M). To be precise, we look at the
map

G(p,gq,r)": Map™(I° x Oy(I), Co(M)) — mCo(M)/R

The superscript sp denotes strata preserving. The relations R are necessary to define a well

1See for instance [BHS81].
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defined map to 7;C4(M) when quotienting out the boundary of I* x Cy(I) = I".
In Chapter 5 we compute this group m7(C4(S' x B®))/R to be Q rationally where R
is subgroup generated by the relations obtained from 5 inclusions of 77(C5(S* x B?)) into

77(C4(S* x B?)) induced by the 5 face inclusions C3(S x B3) — C,(S' x B3).
Theorem 1.0.4. m;C,(S! x B3)/R = Q rationally and is generated by [wia, [wi3, w14]]

This group being non trivial would allow us to potentially show that G(p,q,r) is non
trivial. Chapter 6 we give some strategies to create invariants to prove the conjecture that
G(0,0,0) is the generator of msEmby(I, S x B?).

In [Sin09], Sinha shows that Embg(7, M) is homotopy equivalent to the totalization of a
certain cosimplical space involving C;(M). They use this to define a Bousefield-Kan spec-
tral sequence that converges to the homotopy groups of Emby(I, M). A related spectral
sequence for homology of Embg(7, M) has been shown to converge on the Fy page when
M = B*in [LTV10]. In [SS02], they use the above mentioned spectral sequence to compute
m3Emby (I, BY). We compute m3Emby (7, S' x B3) in Section 5.4 and show that that the
map m3Emby (7, BY) — m3Emby(7, S* x B3) is an isomorphism rationally giving the following

theorem in Section 5.4.

Theorem 1.0.5. For rational homotopy groups,

m3Emby (1, S* x B?) = m3Emby (1, B*) = Q.

11



Chapter 2

Background

I will denote the unit interval [0, 1]. v denotes the chosen base interval in Emby (I, M). When
M = B* and M = S' x B3, v will be along the x — azis of B* and a B? slice respectively.
Let 71 € Emby(I, M). As described in [BG21] the domain support of -, is the closure of
the subset of the embedded I on which v, does not agree with v. The support range of ~; is
the image of the domain support of ;. We say that two embeddings v, and 7, have disjoint

supports if they have disjoint domain supports and disjoint range supports.

Definition 2.0.1. Let 1,72 € Embg(I, M) have disjoint supports. We use 1 || 72 to be the
embedding agreeing with ~; and 5 on their respective supports and the base loop everywhere

else. This operation extends to maps X — Emby (I, M).

2.1 Loops in embedding spaces

We depict loops in embedding space (which we call lassos) via chord diagrams where all
chords have the same color. Chords are labeled with an uppercase letter (like A) and
decorated with an element of w1 M (p in left figure in Figure 2.1a). p is the homotopy class
described by the loop based at the base of the chord A, travels along A until a specific point

on I (decorated either by + or —) and then returns along I until the base of the chord. (If
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n colors of chords are in a chord diagram it will be used to depict a map I"™ — Embgy(I, M)

like in Section 3.1.)

Definition 2.1.1. We denote a lasso given by a chord A by La: I — Emby(I, M).
We define a lasso around a loop p € m;(M) (as described in Figure 14 from [BG21] and

Figure 2.1a) by concatenating the following stages.

1. The arc traverses upwards along a band in a neighborhood of the chord A.

2. The lasso sphere normal to the lasso point (the end of the chord A) can be split into two
hemispherical disks. The first disk is traversed in the past and the second is traversed

in the future.

3. These two disks intersect in a boundary circles that lies in the present and is the unit

normal bundle in the present of the arc containing the lasso point at that point .

4. We call the disk normal bundle at the same point in the present the ”lasso disk”. Hence

the past and future hemispherical disks project to the lasso disk in the present.

5. The lasso arc traverses the "past disk” and then the "future disk” and at this stage is

at the end of the band closest to the lasso point.

6. The arc then returns to the base along the band.

L, is shown in Figure 2.1a. In Figure 2.1b, any arcs in green are in the present. In this
figure, the arc starts at the top of the ‘past’ lasso disc/hemsiphere (shown in red), and as
the arc traverses the past disk it gradually changes from red to green. The arc returns along
the ‘future’ disk/hemisphere (this is shown as the sequence of arc changing from green to
purple).

Definition 2.1.2. A positive lasso has the right boundary of the band pass “over” the arc.

Remark 2.1.3. The positive lasso is defined identically to [BG21], and thus by Lemma 4.4 of
[BG21] a “negative lasso” (an inverse in m Embg(1, M) to the corresponding positive lasso)

has the right boundary of the band go under the arc (see Figure 2.1c)

13



band
p A
/—\ Jasso disk
+ v

(a) Positive Lasso Ly

(b) Arc traversing ‘past’ disk (left) and ‘future’ disk (right)

band
p A
////////’//“‘\\\\\\\\\\\\\\N e ek

(c) Negative Lasso L4

Figure 2.1: Lasso Ly

Definition 2.1.4. Let Ay, -- A, denote non intersecting chords, we write Ly,...4, to mean
the loop of embeddings Ly, || La, - || La, -

The chord diagram for L4, g, is shown in Figure 2.2 on the left.

Definition 2.1.5. If A; and B; are parallel chords of opposite sign (see Figure 2.2), Ly, g, is
null homotopic in Emby (I, M) via the undo null homotopy Ua, g, : I* = Emby (I, M) defined

by the following stages (as described in [BG21, Figure 63] and shown in Figure 2.3).

1. Zip up the band to one whose base joins the leftmost point of the left band’s base and

the rightmost point of the right band’s base (Figure 2.3a). At this stage, the loop in
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bands

P Ay
p B,
N\ [
+ - - | —
Figure 2.2: Undo Homotopy: Chord diagram
zipped band zipped band

. —

zipped lasso disk

(a) Undo Homotopy: Zipping bands and lassos

- ——— o —_—

Interval I pierces zipped lasso disk
"

zipped lasso disk Pull I under the lasso disk

(b) Undo Homotopy: Pulling interval out of the lasso disk

Pull back zipped band and lasso

-

(¢) Undo Homotopy: Retracting the zipped chords and zipped lasso disks

Figure 2.3: Stages of the undo homotopy

15



Emby(1, M) has the arc travel up the zipped band, and then two portions of that arc
travel down the past disk and then travel back to the zipped band along the future

disk before returning back along the zipped band.

2. Zip the lasso disk to one that contains both lasso disks (Figure 2.3a). This can be done
because the positive and negative lasso disks can be zipped together without passing
through the lasso’d portion of I. In this stage, one can see the arc being lasso’d around
starts behind the zipped lasso disk, pokes out of the lasso disk and pokes it again to

leave. (left of Figure 2.3b)

3. Pull out the arc from the lasso disk. This can be done because the lasso sphere exists
in either the past or the future except for the boundary of the lasso disk, which exists

in the present. (right of Figure 2.3b)

4. Now that the lasso disk doesn’t intersect I, we can retract the zipped lasso disks and

band back to the base of the chords. (Figure 2.3c)

Definition 2.1.6. The backtrack null homotopy Bua,...a, of La,..a, in Immy(Z, M) is given
by gradually retracting the lasso bands and disks back to the base of the lasso. If we are
doing the backtrack homotopy on all the chords (or if it is clear from context which chords

get the backtrack homotopy) we may simply denote it as B.

Definition 2.1.7. Given the map Lagcp: I — Emby(I, M) for positive (or negative) chords
A, C and negative (or positive respectively) chords B, D nested in the order A, B, C, D from
innermost to outermost as shown in Figure 2.4, the full null homotopy Fagcp of Lagep
is given by Upc followed by Usap. When the chord labels are clear from context, we may

simply denote this by F'.

Remark 2.1.8. In Section 2.7 we define notation that makes the full null homotopy F =

(Upc || id2Lap) *2 Uap.
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Figure 2.4: Chords for full null homotopy
2.2 Homotopy limits and stratified spaces

The limit of a diagram in the category of sets or spaces can be defined as the set whose
elements consist of a point in each space of the diagram which is equal to the image of
each other such point under the maps in the diagram. The homotopy limit of a diagram of
spaces relaxes the requirement of equality to merely paths with coherence homotopies, so
that for a sequence of spaces Ay — - - - A, in the diagram with respective elements ao, ..., a,
the data of an element of the homotopy limit includes a k-simplex in A, between the k + 1
images of those points in Ax. Among many equivalent definitions of homotopy limits, the
following succinctly packages the data described above of an element of the homotopy limit

of a diagram.

Definition 2.2.1 ([Sin09, Definition 1.2]). The homotopy limit of a diagram F': C — Top is
the space of natural transformations [C/ — | — F, where for an object ¢ in C the space |C/c|
is the geometric realization of the nerve of the category of morphisms into ¢ and commuting

triangles between them.

We will sometimes say “a homotopy limit” for any space with a cone over F' which is
weakly equivalent to “the” homotopy limit of F' as defined above (just as a limit of a diagram
is defined only up to isomorphism, a homotopy limit is defined only up to weak equivalence).
A motivating property of homotopy limits is that they preserve weak equivalences, in the
sense that the homotopy limits of two naturally weakly equivalent diagrams of spaces will

themselves be weakly equivalent.
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When the category C is a poset with a terminal object e and the diagram F' consists
only of inclusion maps, as is the case in our diagram, its homotopy limit admits a simplified
description. The images of those inclusions can be considered as “strata,” or subspaces
of F(e) which are nested according to the morphisms in C. There are several competing
definitions of stratified spaces in the literature, but we define them here in the simplest

possible way for how they are used in the relevant homotopy limits.

Definition 2.2.2. For a poset P, a P-stratification of a space X is a functor from P to
subsets of X, and a P-stratified map between such P-stratified spaces is a map f: X —» Y

such that for each p € P and z in the subset (“stratum”) X, corresponding to p, f(z) € Y.

In particular, for each object ¢ of C, the stratum F'(e). is the image of F(c) in F(e). In
this setting, an element of the homotopy limit of F' can be reduced to the data coming from
the space F'(e), which is described using the stratification structure. This data is based on
the C-stratified space |C|, the geometric realization of the nerve of C, with strata given by

the images of the inclusions |C/c| — |C/e| = |C|.

Proposition 2.2.3 ([Sin09, Proposition 1.3]). The homotopy limit of a diagram F:C —
Top, where C is a poset with a terminal object e and the maps in F are all suitably nice

inclusions, is given by the space of stratified maps from |C| — F(e).

2.3 Configuration spaces

Definition 2.3.1. We denote the set {1,2,---k} as [k]

Definition 2.3.2. The k point configuration space of a manifold M is denoted by Cy (M)

and is defined as

Cr(M):= {(p1,p2, - p) € M"* | p; # p; when i # j}

18



We will need a variant of configuration spaces with some extra data - unit tangent vectors

associated to each point - that we define below.

Definition 2.3.3.

CL(M):= {((pis )y € (STM)* | ps # py when i # j |

We define a compactification of Cy (M) as in [Sin09, Definition 4.1]

Definition 2.3.4. Suppose f: M — R" is an embedding of M into Euclidean space, and

S C [k] we define the following.

. n—1 g f(@i)—f(P5)
1. Maps 7; ;: Cp(M) — S™ " given by o= FrT

2. Cy(k):={(i,j) |1 <i<j<k}

3. C(S):={(i,j) |i < j,i,j €S}

4. Ak<M>: Mk % (S(n—l))CQ(k)

Definition 2.3.5. The compactified k point configuration space of M is denoted by Cy (M)

and is the closure of Cy,(M) in A, (M) via the map (¢, (7;.;)4.5)ecsk)) -

We can similarly define C},(M) as the closure in (STM)* x (S("_l))CQ(k).

Points in Cx(M) consist of tuples (pi,--- ,px) with pairwise disjoint points along with
boundary points where we could have p; = p;, in which case we add the data of a unit
tangent vector v;; in M for every pair of colliding points p;,p; that specifies the direction

that those two points collide in.

These ‘colliding’ faces along with Cy (M) make Cy (M) a stratified space. We can describe
strata C$ (M) for each subset S € [k].

C (M) = {((pi)iem> (i) jeca(s)) | pi = pj when i, j € S}

19



When § = ¢, CS(M) = Cx(M). We define C},$({M) analogously. When S; C S, we
have C},%(M) « C;°*(M). This allows us to define maps 9': Ci_ (M) — Ci(M) for
1 <4 <k — 1 which shifts up by 1 the indices of all points p; for j > 4, sets p;y1 = p; and
sets Vi ir1 = Vip1 = U

We will use a more specialized subspace called the aligned stratum.
C& (M) C C (M) such that v;; = v; = v; when p; = p;

We see that the connected component where 0 = pg < p; < -+ pp < pry1 = 1 of Cgflig”(l )
is homeomorphic as a stratified space to the standard k-simplex AF.
We also describe here some special elements of mgimar—1Cx(M). We will define them here

for dim(M) = 4, but they generalize accordingly.

Definition 2.3.6. The element w;; € m3Cy (M) is the point p; traversing the sphere normal
bundle of p; in M.

Definition 2.3.7. Suppose o € m (M), we define t& - w;; € m3C,(M) as point i traversing

the loop « before traversing the sphere normal bundle of p; in M

Remark 2.3.8. When M = S' x B3, m(M) = Z, so for p € Z, we will write ! - w;; to mean
the element obtained by point i circling the S' direction p times before traversing the sphere

normal bundle of py in M.

To suit the spaces that we will use to approximate Embg(/, M) in Section 2.4, we define

a variant of configuration spaces where the first and last point are fixed on OM

Definition 2.3.9. For k£ > 0, we define

Co(M):={(po, 1" Prr1) € M*™? | py = *0, pr1 = *1,pi # p; when i # j}
We can anaogously define Cy (M) and Cgflig”(M ).
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2.4 Embedding calculus

Functors such as Emby(—, M) to spaces from the opposite category of open subsets of I
containing the endpoints, which have relatively few convenient properties beyond preserving
weak equivalences, are often studied using a sequence of increasingly accurate approximations
in analogy with the Taylor approximation of a smooth function. These approximations come
equipped with connectivity results that show the homotopy groups of embedding spaces such
as Emby (7, M) in sufficiently low dimensions to agree with those of its approximations. We
give here the basic definitions of this “embedding calculus” and describe how it is used to

simplify the study of m,Emby(I, M).

Definition 2.4.1. For [J;, the poset (0 < 1)* and P, the “punctured n-cube category” given
by the poset [Ii \ (1, ...,1), a diagram D: Oy — C is cocartesian if D(1,...,1) is a colimit of
the restricted diagram P, — [, — C.

A diagram D: OO07” — Top is homotopy cartesian if D(1,...,1) is a homotopy limit of the
restricted diagram P” — 07 — Top.

A functor F': C? — Top to spaces is k-polynomial if for every cocartesian diagram

D: 041 — C, the composite diagram [ D, v L, Top is homotopy cartesian.

Goodwillie, Klein, and Weiss showed in [GKW20] that for any functor F': C%? — Top
which preserves weak equivalences, where C is a poset of open subsets of some space, there
is a k-polynomial functor TpF': C°? — Top with a natural transformation F' — T F. There
are also natural fibrations T, F — Tj_1F commuting under F.

We are particularly interested in the functor Embg(—, M) for M a manifold and C the
poset of open subsets of I containing the endpoints. In this case, the maps Embs(X, M) —
TrEmby(X, M) are (k — 1)(dimM — 3)-connected, and Emby (X, M) is the homotopy limit of
the sequence

-+« = TyEmby(X, M) — TyEmby(X, M)

We use the same model for T,Emby(I, M) as used in [Sin09]. When I = I UL, U I] U
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Iy--- 1, a concatenation of intervals, T,Emby(I, M) is given by the homotopy limit of the
punctured cubical diagram that sends a subset S C {1,---k+ 1} to Emby (£ \ (Uiesl;), M).

We work out the example for Tp. Let I = I UL UI{ U I, U I, U I3U I, As the functor
ToEmby(—, M) is 2-polynomial, the space ToEmby(1, M) will be the homotopy limit of the

diagram P;” — Top pictured below.

Emby (1 \ I, M)

Emby(I\ (I, U L), M) Emby(1\ (I, U Iy), M)

\ /

Emba(I \ (]1 U IQ U Ig),M)

|

Emby (1 \ I;, M) —— Emby(I \ (I U I3), M) +———— Emby(I \ I3, M)

We know that that Emb(I, M) ~ ST M (note here that we don’t require fixed endpoints).
Suppose I = IgU L UI}---I; ;. A similar argument shows that Emb(l; UL, U---U I, M) ~
C}.(M). This, along with the homotopy invariance and condition that endpoints of embed-

dings in Emby (U, M) are fixed, shows that
Emby (1'\ (UiepurnLi), M) ~ Emby (I UI{ U--- UL, M) ~ Cj, (M) ~ Cj (M)

This allows us to replace our punctured cubical diagram above with the following while
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preserving the homotopy type of its homotopy limit.

Coo{M)

~

Co1 (M) Co1 (M)
~ —
Ca

2(M)

I

C(/‘?,O<M> ’ Cé,l (M) < Cé,0<M>

In this diagram of suitably nice inclusions, the space Cj (M ) has strata given by the
images of the three copies of Cp (M) and their pairwise intersections which are the images
of Cf o(M).

The stratified space | Py*| is precisely the 2-simplex A?, based on the shape of the diagram
above, and its strata are given by the edges and vertices of A?. This agrees with the aligned
component of Cp o(I).

The homotopy limit of this diagram then (Proposition 2.2.3) is the space of strata pre-
serving maps from the 2-simplex to Cp ,(M). In particular, this means that the three edges
are sent to the strata arising from Cj (M) and the vertices are sent to the strata arising
from Cp o (M).

In a similar manner, TEmby(I, M) can be shown to be the space of strata preserving
maps from the k-simplex to Cp,(M). This leads to a theorem nearly identical to [Sin09,
Theorem 5.4].

Theorem 2.4.2. Let Map*(Cy,(I),C,(M)) denote the space of strata preserving maps

that send the aligned stratum of Cy . (I) to the aligned stratum of Cy (M), then

TEmby (1, M) ~ MGPSP(Cé,k<[>a Cék<M>)
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and by the connectivity result this space agrees with Emby(I, M) on m; for i = 0,...,(k —
1)(dimM — 3).

So for M a 4-manifold where we are interested in m3Emby (I, M), it suffices to consider
TyEmby(I, M) which is the space of strata-preserving aligned maps C(I) — C}(M) which
the above theorem shows will agree on m3. We will often drop the " in C}(M) and restrict

our attention to strata preserving maps from Cy(I) to Cp(M).

Definition 2.4.3. Given a map F': X — Emby(I, M), we define T, F': X x Cx(I) — Ci(M)

to be the induced map on compactified configuration spaces.

Sometimes we will use the same notation 7} F when studying the induced map X —

Map(Cy(I), Cr(M)).

2.5 Cosimplicial model for Emby(I, M)

In Section 2.4, we discussed how Emby(7, M) is the homotopy limit of the tower of fibrations
ToEmby(1, M) < T1Emby(I, M) < --- where each level is given by a homotopy limit of a
punctured cubical diagram of configuration spaces. Sinha [Sin09, Theorem 7.1] shows that
this is equivalent to Emby(I, M) being the totalization of the cosimplicial space that sends
[n] = Cj,,(M). The i codegeneracy map s;: Cj (M) — C},,_, (M) is the map that ‘drops’
the ¢ point for 1 <4 < n. The " coface map, 9': Cj, (M) — Cj,, (M) ‘doubles’ the 7*"
point when 0 < ¢ < n+ 1. (Note that when ¢ = 0 or i« = n + 1, the doubled point p; is one
of the fixed endpoints from M)

Sinha then shows that this gives rise to a second quadrant (Bousfield-Kan) spectral

sequence such that

By = mker si Wq(oé,p<M>) = WQCZI)(M)
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for p,q > 0, where the dy: E;?? — E;?~"9 differential is the restriction of the map

D (R m(Co{M) = my(Cpyy (M)).

i

In general, the d, differential goes from E 77 to E P~m4t7—1,

In Section 5.4 we compute some d; differentials when M = S! x B3,

2.6 Whitehead products

Definition 2.6.1. Given maps f: (D", 0D") — (X, ) and g: (D™,0D™) — (X, ) we

can define its Whitehead product as a map
[f,g]: (D™=t aD™ ™) (X, )

as follows.

e Inside D"*™~! we can find a generalized Hopf link of S™ ! and S™"~!. The disk normal

bundles of these S™~! and S~ are N, : S™ ! x D" and N, : S~ ! x D™ respectively.
e [f,g] maps D"\ (N, U N,) to the base point .

e [f,g] maps points (p,,q,) € S™ ' x D" = N, to f(g,) and maps points (py, q) €
Sl x D™ = N, to g(q).

This induces a well defined map on the product of homotopy classes
[', ] : 7Tn(X, SL’O) X 7Tm(X, LU(]) — 7Tn+m,1(X, .CL’())

The Whitehead product is bilinear, graded symmetric ([f, g] = (—1)*[g, f]) and satisfies

a Jacobi relation:
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(_1)km[[f’ g]v h] + (_1)lm[[gv h]vf] + (_1)mk[[hv f]vg] =0
where f € m; X, g € mX,h € 7, X and k,[,m > 2.

Milnor and Moore [MMG65] first described the rational homotopy groups Q ® 7,.Cy(B™)

as generated by the classes w;; defined in Section 2.3 subject to the following relations:
o w; =0
o wy = (—1)"wj;
o (wi,wy =0if {i,j}Nn{k, 1} =¢
o [wij, wik] = [wjk, Wki] = [wri, wis]

Budney and Gabai extend this approach to describe rational homotopy groups of S* x B®
which are generated by ! - w;; subject to some additional relations that we describe in

Section 5.1.

2.7 Algebraic constructions of cubical maps

The constructions and results of Chapters 3 and 4 involve increasingly complicated maps
from cubes ™ into various spaces associated to embeddings. To more easily describe these
maps and how they are build up in piecewise fashion, we use operations for concatenated,
constant, folded, rotated, and reversed maps from cubes inspired by the theory of cubical
w-groupoids (see [BH81]), as suggested by Brandon Shapiro. While we define from scratch
all of these operations, the idea is that a space X has an associated algebraic structure
consisting of all maps I — X regarded as “n-dimensional cubical cells” which are equipped
with operations including composition (concatenation), units (constant maps, folds), and
inverses (reverse maps) in all n directions, and that this “cubical w-category” contains all of

the homotopical information of X.
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Definition 2.7.1. Given f: I" — X, we define face]: ["™' — X fore =0,1andi=1,...n
as the map

Tl S Y (Y B L E=F LRSS ¢

This denotes the restriction of f to the front face in the i direction when ¢ = 0 (and back

face when ¢ = 1).

If h: I — X with facelh = f and face/h = g, we will sometimes write f —?) g If
furthermore facegh = k and facejl-h =/, we will often depict h as below. This style of

picture will also occasionally be used with three dimensions displayed.

Tal

C— .
f

Definition 2.7.2. Given f: I" — X, we define the map id;: I""' — X as a projection

along the " coordinate followed by f. So,
ldl [nJrl o Iifl % | % In+1fi SN [ifl X In+17i o~ [n i> X

id; f will be depicted as f = f, and for f —f) g, id;h will be depicted as below left for

any j > ¢ and as below right for any j < 4.

f—"g f—"=g
idjf‘ id;h ||id,g J id, f|| idjh ||id;g Y
i i+1

We will often consider maps which are constant in not just one but multiple directions.

Definition 2.7.3. Given f: I" = X and 0 < 4; < --- <14 < n+k, we write id;, _;, for the

map id;, - - -id;, f: ["™ — X which is constant in the iy, ...,9; directions. For f: I" — X,

27



when k is clear from context we write idf: I"** — X to denote id, ;1. nixf (Which is

.....

constant in all directions above n).

Definition 2.7.4. Given f: I"™ — X, we define the map rev;: I — X as the map that

reverses f along the i*" coordinate. So rev; is the map

e Ix AP il i e L X

For f —?) g, rev;h has the form g L‘;h# f, and for h as below left, rev;h has the form

below right

rev;g
c——d d —= ¢
k h ¢ J ¢ rev;h Tk: J
a f b —_— b rev; f a —_—

K3 (2

Definition 2.7.5. Given f: I — X, we define the map foldg’;): It — X as the map

[ e [ [ Pt [ x s D2 EEOUD, i py i Sy x

Given f: I"™ — X, we define the map foldi’jl: It — X as the map
[ e [ [ P [ i B2 it g i n L

For f —?) g, foldO Oh has the form below left and fold1 has the form below right.

—y f—"—g
T fold**h H j H fold!!h T
f——9 . [

)

We will also frequently use the additional folded maps

fold;h:=rev,fold;/h  and  fold};h:= rev;fold;h,
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which respectively have the forms below left and right.

f=— f—"—9
| foran T;evl i revar] fold};h |

f———%g N g=———y

Remark 2.7.6. We can see that fold;,]_.8 f = rev;rev;fold; jrev;f, but we define foldg’f and

1,1 :
fold;’; separately for convenience.

Definition 2.7.7. Given f: I" — X, we define the map rot, ;: I" = X for 1 <i<j<n

as the map that interchanges the i and j™ coordinates. So rot; ; is the map

(a,b) — (b,a)

" I x P77 [ x [V Il Ix P txx il x

For h of the form below left, rot; ;4 has the form below right.

c—2—d b —L s d
k]\ hoo|¢ J fTrot”hT J
aT>b 4 a——c '

3 (3

Definition 2.7.8. Given f,g: I™ — X such that facegf = face?g, we define the map
f*ig: I" — X as the concatenation of f and g in the *" direction along their shared face.

So f *; g is the map
In ~ [ifl % [ X [nfi ~ Iifl X (I U* [) X [nfi ~ In U]n—l [n Eﬁ) X

For f —f) gand g —f) h, we have f k+g> h, and for k, ¢ as below left, kx; £ has the form

below right.
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C*Z'd

s

f]\ k*lg Th J

.

_ ax;b _
[ 7

fT k Tg 14 Th J
. T> . T> .
Note that x; is associative up to homotopy, and we may sometimes write

L UnUfi

fl*i"'*ifki]ngan[nfl"'U[nfllnf X

for the k-fold concatenation in the i* direction (without addressing associativity homo-
topies). Associativity also applies (strictly in fact) to concatenations in multiple directions
at once, so that we can at once compose grids as below where adjacent squares are presumed

to agree on their appropriate faces.

e —

)

(kxi bxim)x; (fxigxih) = (kxj )% (£%; g) % (m*; h)

We will often denote such a bidirectional concatenation simply by the grid of its factors
as above, rather than as a convoluted expression of nested x;’s and «;’s. This notation,
which we call concatenation diagrams, also conveniently allows us to depict bidirectional
concatenations of higher dimensional cubical maps without over-complicating the figures

with extraneous dimensions.

Remark 2.7.9. The operation *; is also unital up to homotopy with respect to id;. This

means that for an f —?) g, where h: I™ — X, there are maps I"*! — X of the form
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These maps are called unitors, and generalize the standard homotopies witnessing unitality

of constant maps in homotopy groups.

Finally, we describe several particular combinations of the above operations that arises
repeatedly in our constructions. The first corresponds to “revolving” a map I"! — X

around a suitable map I — X.

Definition 2.7.10. Given f: I™ — X of the form below

id;g
g g
id, g f id, g J
id;g g _
and g —2) h, we define the composite
rev,fold, ;rot; ;¢ id;rot;, ;¢ foldg’;)rotk,iﬁ
(| = rev;id;rot; ;¢ f id,roty, ;¢
revjrevifoldi}lrotk,iﬁ rev,id;rot; ;¢ | rev,fold; jroty ;¢

-
which has boundary as below.
b
id;h 0 |lid;h J

More generally, we will often consider composites of grids with reflectional symmetry and

use similarly simplified notation to only specify their upper right corner.
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Definition 2.7.11. Given adjacent cubes of the form below,

. —> . —> .
T o]
l n
RS N LA J
o f e TV
we define the composite
hlk rev;k h k
flgl = rev;g f g i
rev,rev;k | rev;h | rev;k —

We will occasionally need “twisting” homotopies from a map constant in one parameter

to a map constant in a different parameter.

Lemma 2.7.12. For any map h: I™ — X with f —?) g, there 1s a map

twist;h: I"? 5 X

with id; 1 h == id;h of the form

fold?° ' h

i,n+1 .
id,.g
1,1 . .
fold;’,  ,h twist;h fold",  ,h i+l
id,, f —>fold1’0 rev;h i
i,n+1
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h ' g
Ry
i+1
| +
f > g n—+2
/ f/ -

Topologically, this map could be defined by regarding I"*? as a cylinder with the round

—_—

h i

f

part in the 7,7+ 1 directions and rotating as one progresses in the n + 2 direction, but it can

also be described using the “algebraic” operations we have defined.

Proof. We first consider the concatenation of the pair

: f°1d3’+11 n+2f°1d?’z‘0+1h 0,0 f°1d3’2+2f°1d?’i0+1h .
id; 1A 2 > fOldi,th 2 » id;h,

where the two component maps have the form below left and below right respectively.

A A A7
| T
hf/f h>g/g f/ | f/j
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To get twist;h then with the desired faces, we concatenate

(fold;;

0 nsofold??  h) x40 (fold; ), fold) ) h)

1,041

with unitors (Remark 2.7.9) on all four of the faces in the i- and (i + 1)-directions.
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Chapter 3

Construction of G(p,q, )

Typically we will work with lassos along the 1 direction and null-homotopies of lassos pointing

in the 2 direction (and transitions between those in the 3 direction), as shown below.

Y7 Y7
o | F] -
Lagep v Lapep v -

3.1 Defining G(p,q)

Given elements p,q € (M), we depict the chord diagram of the map G(p,q): I*? —

Emby(1, M) in Figure 3.1

Figure 3.1: Chord diagram for G(p, q)
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I

[T

id

—
S

—_
v Vv VY

HH

Figure 3.2: Geometric picture of G(p, q)

It is given by the concatenation shown below using the notation from Definition 2.7.11.

Ua,B, idy

idyLa, B, || id1La,B, | roti2Ua,s,

id7 UA1 By 1d7

=| revirot, oUn,p, | idaLla, g, ||id1La,p, | rOt12Ua,B,

id~y revyUy, B, idy

This concatenation diagram can be visualized in Figure 3.2.

The blue lassos (Lg, p,) progress in the 1 direction while the orange lassos (La,s,)
progress perpendicular to it in the 2 direction. This allows us to cap off the blue lassos
with end homotopies because the orange chords are stationary at the base loop at those
squares, and vice versa.

Note that G(p, q)|as2 is constant (), and in [BG21] G(p, q) was shown to be non-trivial in
moEmby (I, M). This was shown by inducing a non-trivial map to meT3Emby (I, M). However,

the induced map to myTHEmby(1, M) is shown to be trivial.
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p— B3
— g r \
P Al
A3
+ +
+ + +
q A2
q B2
q C2
D2
q
Figure 3.3

In general, given a chord diagram with disjoint blue chords Blue and orange chords
Oran, and null homotopies (via embeddings) of those chords Upjye, Uoran respectively, we

can define a element of myEmby(1, M) given by

UBlue idﬁ)/

idQLBlue H idlLOran r0t1,2(UOran)

3.2 Defining G(p,q,r)

Given elements p,q,r € m (M), we now define the map G(p,q,r): I — Emby(I, M)
such that G(p,q,7)|srs = 7. We conjecture in Chapter 6 that G(p,q,r) is non-trivial in
m3Embg(1, M). The chord diagram for G(p, ¢,r) is given in Figure 3.3.

Let Fy: I? — Emby(I, M) denote a representative of a cancelling pair of elements of
moEmby (I, M) that is represented by the chord diagram in Figure 3.11 which is obtained

from Figure 3.3 with the green chords As, Bs removed, and the concatenation diagram in
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(3.1).

Liil =

Figure 3.4: G(p,q,r)

He| id,

*3

——

| ids Fo llidyid Lasps| Unsss

UAlBl | | UClDl

idy

F():

id?LAlBlchl || idlLA23202D2 r0t1,2(UA2B2 || U02D2)

Fy is trivial in mo(Emby(Z, M)) because it is a sum of cancelling elements from

mo(Emby(I, M)). This can be shown with a sequence of chord moves from [BG21], but

we will describe a specific null homotopy we call the capping null homotopy Hg of this in

Emby(1, M) in Section 3.4.

The idea of G(p,q,r) is given by the figure on the left of Figure 3.4, while its formal

description in terms of concatenation diagrams on the right.

In more detail, the green portion of Figure 3.4 (which in the center overlaps with the
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h

2

idyrot, 2Ups g9

Ot » U,

3,83

Figure 3.5: Green portion visualized

blue and orange) is given by the concatenation diagram in (3.2)

0,0
rev,fold;’srot, sUy, B,

id;rot; 2Ux, B,

0,0
fold;'yrot; 2U;B,

reviidyrot; 2Ua,p,

id2,1 LA3B;>,

idyrot 2Ua, B, (3.2)

0,0
revirevafold;yrot; sUa,p,

reV2id1 I'0t1’2 UA3 Bs

0,0
rev2fold1:2rot172 UA333

which we have denoted in Definition 2.7.10 as in (3.3).

1d2,1LA3B3 UA3B3

1

We can visualize the pieces in the green portion in Figure 3.5

Hence we can define the entirety of G(p, ¢, r) following the figure in Figure 3.4 as a 3-term
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concatenation in the 3 direction as in (3.4).

iy (x| [ ] U | % @ |5

3.3 The “undo-full” transition homotopy 1z

Consider the map Lagcp: I — Emby(I, M) for positive chords A, C' and negative chords
B, D nested in the order A, B, C, D from outermost to innermost as shown in Figure 2.4.
There are two possible null homotopies of this loop given by U: = Ugag || Ucp and

F:=(Upc || Lap)*2 Uap, shown in our cubical diagrams as below.

T=—7 T=—7

v v

LABCD LABCD -

We omit the labels of the chords and call this the “undo-full” transition homotopy Ty g
because it describes a homotopy from the undo null homotopy U (which is supported in a
neighborhood of pairwise zipped bands of A, B and C, D) to the full null homotopy F' (which

is supported in a neighbourhood of the fully zipped bands and lasso disks).

Definition 3.3.1. Ty is the transition homotopy from the undo homotopy Uag || Ucp to
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e ——

(a) Lapop deformed (b) Zipped bands and disks for Uap || Ucp

(c) Fully zipped picture (marked vertices on the right figure)

Figure 3.6: Undo Homotopy stages

the full null homotopy Ugc *2 Uap. We depict Tyr as a concatenation diagram below.

Lapcp —— idy
| T |

Lapep —5— idry

We may denote revsTyr as Try because it is a homotopy from F' to U.
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(a) Fully zipped undo homotopy (b) After the fully zipped undo

Figure 3.7: Fully Zipped Undo Homotopy

We deform the part of the arc that gets lasso’d around to be situated above the source
of the bands as shown in Figure 3.6a. The zipped pairwise zipped bands and lassos for
Uag || Ucp are shown in Figure 3.6b. The zipped bands for the first undo portion of

Upc *2 Uap is shown in Figure 3.8a.

The first stage is to deform Usp || Ugp in the beginning and Upc *s Uap in the
end to similar null homotopies where the only difference is that all 4 bands are zipped
together and all 4 lasso disks are zipped together. When we zip all the bands and
the lasso disks, we see the arc being lasso’d around starts ”below” the lasso disc, and

pierces the lasso disk four times as shown in the left Figure 3.6c.
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e We label the peak of the pierced arc of chords A, B as vertex 2, the peak of the pierced
arc of chords C, D as vertex 3, and the lowest point of the pierced arc between chords
B, C as vertex 4. We also label a point in space as vertex 1 which is the reflection of

vertex 4 across the fully zipped lasso disk. See the figure on the right in Figure 3.6c.

e The “fully zipped” version of Usp || Ucp null homotopy involves translating the
vertices labelled 2 and 3 downwards (and the edges attaching to them as well) until
the edge joining 2 from the left becomes parallel to the edge joining 2 to 4. and
similarly for the edge joining 3 to 4. See Figure 3.7a. At the end, we can pull the fully
zipped band and lasso back because I does not pierce the lasso disk at this point. See

Figure 3.7b.

e The fully zipped version of (Ugc || idaLap) *2 Uap null homotopy first translates
vertex 4 until it reaches vertex 1 (like Upc) (see Figures 3.8c and 3.9a). We then
translates vertex 1 and and all attached edges below the disk (like Uap) (see Fig-
ures 3.9b and 3.9¢).

e Let the distance from vertex 4 to vertex 1 be 1 unit.

e The homotopy (indexed by o) from Usp || Ucp to Uge *2 Uap translates vertex 4
up by o units (see the left part of Figure 3.10) and then translates vertices 2, 4, and 3
simultaneously below the lasso disk (see the right part of Figure 3.10) until they reach
the end position described earlier. When o = 0 this is the Uap || Ucp null homotopy

and when o = 1 this is the (Up¢ || idaLap) *2 Uap null homotopy.

43



(a) Zipped bands and disks for
Upc ||id2Lap (b) Fully zipped picture

(c) Upc ||id2Lap

Figure 3.8: Fully Zipped Full Homotopy stages
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(a) After Upc || id2Lap (b) Uap

(c) After full null homotopy

Figure 3.9: Fully Zipped Full Null Homotopy second half
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Figure 3.10: Transition between fully zipped undo and fully zipped full null homotopies

p
C1
p
P B1
/ P Al
//’ \
/ / + +
+ + -
q A2
q B2
a C2
D2
q

Figure 3.11: Chord diagram for Fj
3.4 The capping null homotopy Hp

We show here that the element of myEmbg (1, M) constructed by the chord diagram in Fig-
ure 3.11 is trivial in mEmby(I, M), and we see this map I? — Emby (I, M) appearing in
horizontal I? slices of G(p, q,r) in parallel with the green lassos. We describe a specific null
homotopy we call the capping null homotopy Hp of this in Emby (I, M), which is defined by
“capping off” the lassos in this sum with copies of the full null homotopy F' in the definition
of G(p,q,r).

The capping null homotopy is a composition of several homotopies. The main idea is

that La,g,cyp, || Lays,oap, has a null homotopy where we first apply Up,c, followed by
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Up,c,, then Uga,p, and finally Uga, p,. We then need to extend this to the edge squares of the
concatenation diagram of Fy which involves transitioning between the undo null homotopies
at the edges to the full null homotopy first before folding.

Each stage can be represented by the colored picture in Figure 3.12. The null homotopy
can be formally described using five components that, when concatenated, go from Fj to s.
These five components correspond to the five vertical levels of the picture in Figure 3.12 and
the five 3-dimensional concatenation diagrams in the sequence represented by (3.5) followed

by (3.6) (namely those depicted as arrows pointing in the 3rd direction).
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UAlBl H UClD1

idy

rot1 2(Tur)

idoLa, B0y Dy |l U
; rot; o (U
idiLayByCyDy 172( A2B || C’zDz)
Tur idy
3

ida (192La,Bycy Dy H>

1 idiLa,By09Dy
Ua,p, id~y

UBICI ‘ ‘ id2LA1D1

idoLa, By, Dy Il rot12Upyc, |
id1La,BycyDy idiLa,p, rot; 2Ux,p,
id3Ua, D, idy
ids(Up, ¢, llid2L 4, D)
3 -
idiUpyc, || fold® U '
i idz2La;py |l roty2fold; 3Us, 0y idzroty,2Ua, D,
ids idlLA2B2C2D2 1d3,1LA2D2
UA1D1 ldfy
Us,c, ||id2La, p,
ideLa,Bycy Dy |l .
idllLAQDQ ldlLAQDQ rOtl,QUAzDQ
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idy

idQUBlclHid?)(idQLAlDlH idlLA2D2) unitor

Ui, D, idy
U3101 H 1d2LA1D1
1d2LA13101D1 || 1d1LA2D2 id; L4, p, I'()J51,2UA2D2
id
, foldySUp, ¢, || ids 2La, b,
Ua,p, idy
id2L 4, p,
idoL 4, p, || id1La,p, | oty 2Ua,p,

unitor

idy

id1UA2D2 [l idS,QLAl Dy

0,0
roty ofoldy’3Ua, D,

UA2 Do id,}/

id1 LA1 D ld’}/

foldg:gUAlDl idy
3 idsUa,p, | idy
3
idvy | idy
idvy | idy
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Figure 3.12: Geometric picture of Hp

Note that the full null homotopy on the blue part of Fy, namely the second column of

the form
rer(UAlBl || UCIDI) idoLa, ooy | Uays, || Uc,p, !
2
in (3.5) and (3.6), is homotopic to the concatenation diagram in (3.7).
rev,foldys F¥ idy F fold)'3
3 (3.7)
I'eVQTUF idLA1Blch1 TUF T}

The capping null homotopy on the orange part of Fy (the second row) is a rotated version
of this (but as we described it as a null homotopy of Fj, aspects of the orange and the blue

full capping null homotopy need to alternate).

20



We can use this shorthand to describe the “blue part” of G(p,q,r) (which is denoted in

blue in Figure 3.4) by the concatenation diagram below.

id,F | foldysF

idL4,B,ci D, Tyr

idsU

3.5 Other transition homotopies

For Chapter 4, we will require transitions between every pair of B, U, and F' similar to Ty p,

as well as a transition between these transitions, which we now describe.

3.5.1 The “backtrack-undo” transition homotopy 7z

Suppose Ap, By are parallel chords (traversing the same element of 7 (M)) with opposite
signs. The transition homotopy from Ba,p, to Uy, p, is denoted by TBUA1 B, (or Ty in
short) is indexed by o. We will use 7 to denote the parameter of each of the null homotopies
Tpu(o).

The backtrack homotopy of L4, 5, involves pulling back the chords more and more as we
go from 7 =0to 7= 1.

The undo homotopy of Ly, p, involves zipping the bands from time 7 = 0 to 7 = 0.25,
then zipping the lasso disk from 7 = 0.25 to 7 = 0.5 followed by lifting/pulling out the
portion of I that pierces the lasso disk out of it from 7 = 0.5 to 7 = 0.75 and finally

retracting the zipped up band and lasso disk from 7 = 0.75 to 7 = 1.

e The backtrack-undo transition involves delaying the backtrack part by adding in the
zipping up of the bands before the chords are retracted. So, starting at ¢ = 0, no
bands are zipped before the chords are backtracked. At o = 0.25, the bands are fully

zipped before the chords are backtracked.
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e For 0 = 0.25 to o = 0.5, we zip the bands fully and then start zipping up the lasso bit
by bit and then retract the chords. So, the lasso disks are unzipped at ¢ = 0.25 and

fully zipped by 0 = 0.5

e For 0 = 0.5 to o = 0.75, we begin by zipping the bands and the lassos fully and then
pulling out I and then retracting the now-zipped-up chords which is exactly the undo

homotopy.

e For ¢ = 0.75 to 0 = 1, we begin by zipping the bands and then start zipping up
the lasso, pull the piercing chord out, and then retracting the chords a little and then

retracting the chords fully.

Definition 3.5.1. Tpy, 5 (or Tgy) is the transition homotopy from the backtrack homotopy

B4, B, to the undo null homotopy Uga, p,. We depict Ty as a concatenation diagram below.

Uay By .
Ly, — idy

Y—YBUAlB1 H 3

LA181 —_— ld’y B
Ba, B,

We may denote revsTzy as Typ because it is a homotopy from U to B.

3.5.2 The “backtrack-full” transition homotopy Tzr

The Full null homotopy of Lagcp where A, B, C, D are parallel chords of alternating signs
(like in Figure 2.4) consists of the undo homotopy on chords B and C followed by the undo
homotopy on chords A and D.

In order to transition to the backtrack homotopy B we just concatenate the backtrack-

undo transitions on each of the 2 undo homotopies involved in F.

Definition 3.5.2. T is the transition homotopy from Bagcp to Fapcp, defined as a

concatenation diagram below.
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UBC H id2LAD N UAD

Lapcep > Lap > idy
Tpuge || ids2Lap TBU ., 3
L s L > id 2
ABCD “puolidstap . AP Bap K

3.5.3 The triple transition homotopies

We now define a transition homotopy Tgpyr mediating between Ty, Tpr, and Typ as in

(3.8).

_Tur

U F
T Tspur T (3.8)
B=———1B

3

We describe Tppyr as a family of homotopies Tgpyr(o) from B to Tyr(o), where o € 1

ranges over the 3-direction.

Definition 3.5.3. We define Tppyr(o) as follows.
e When o = 0, we have Tyr(0) = U and Tpyr(0) = Thy.
e When o = 1, we have Typ(1) = F and Tpyr(l) = Tgr.

e Tyr(o) in the beginning involves deforming U to a null homotopy with all bands and
lasso disks zipped into 1 band and 1 lasso disk. In each of these stages, we imitate Ty
where we increasingly zip the bands before we backtrack (and then increasingy zip the

lassos before backtracking).

e The same can be done at the end where Ty r involves deforming F' to a null homotopy
where all bands and lasso disk(s) are fully zipped before pulling out the arc that pierces
the lasso disk(s).
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e Apart from the fully zipping portion, Tyr(o) involves lowering vertex 1 in the arc
piercing the lasso disc by ¢ units. To make a transition from B. we increase how much
of the band gets fully zipped, and then increase how much the lasso gets zipped and
increase (as a fraction of o) how much vertex 4 gets pulled up, and finally increase how

much of vertices 2, 3,4 get pulled down before backtracking the bands and lassos.

Once we define Tgrpyr we can define Txyzw for any combination of XY, Z W €
{B,U, F} by concatenating with appropriate folds and/or composing with rotations, for

instance as in (3.9).

U p ) e———
H TUBUF T H fO]dS TUB T TBBUF TTBF 4 (39)
U T B U — B—— B -
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Chapter 4

G(p, q,r) is Null Homotopic in
m3(T3(Emby(1, M)))

4.1 Null homotopy of G(p,q) in T5(Emby(I, M))

This section describes the null homotopy from [BG21] in language developed in this thesis.
These ideas will be extended in the subsequesnt sections for G(p, q,r)

We have G(p,q): I*> — Embg(I, M), which induces a map T>G(p,q): I? x Co(l) —
Co(M). To show that G(p,q) is trivial in meToEmby (I, M), we need to construct a null
homotopy N*: I x I? x Cy(I) — Co(M) of ToG(p, q).

Np and Ny are null homotopies of G(p, ¢) in Immg(1, M) which apply the backtrack (and

respectively undo) homotopies on the lasso portions of G(p, q).
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To be precise,

NBI:

and

TUBa, 5,

idy

idg(idgLAlBl || idlLAQBQ) I'Ot172TUBAzB2

*3 2
foldyS Ba, 5, idy
id2Ba, p, || id1Ba,s, | rot; ofold)sBa,p,
idsUn, B, idy
idg(idQLAlBl || idlLAQB2) I'Ot17gid3UA232

*3

foldy3U 4, 5,

idvy

idyUa, B, || id1Ua, B,

0,0
I'Ot1,2f01d2’3 UAQBQ

1,0
f01d3,4TUBA131

idy

id34(id2La, , || id1La,B,)

1,0
r0t1,2f01d374TUBA232

*3

0,0
f01d273TBUA1 By

idy

leTBUAlgl H lleBUA232

0,0
I'Otl,g f01d2,3TBUA2 By

We will consider the interval as partitioned (up to overlapping endpoints) into the sub-

intervals Iy, I/, I, I, I3, listed in order. The chords A;, By originate at I, chords As, By
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originate at I, and all chords lasso around points on I3.

We first define N: Co(I) — Map (I x I% Immy(I, M)) which takes (p1,p2) to Ny, p
which will be among Ng, Ny or Npy(t) (which is an intermediate stage of the transition
homotopy from Np to Ny). The main feature of this is that if (p1,p2) € I, X I, (where
1 <a <b<3), then THN,, ,, is well defined when restricted to that specific I, x I,. For
example, when p; € I; and py € I, Ny doesn’t map points in Iy, Iy to distinct points in
M because the undo homotopies collide I; and I, when done simultaneously. However, we
don’t see intersections between I; and I3 (and I, and I3) because neither of py, py is in I3,
so Np maps points in I, I to distinct points in M. Thus in (4.1), we see N in the square
I x I,. The complete N is defined in the concatenation diagram (4.1). The directions for
Cy(I) are 4 and 5 because Nx (for X = U, B use up directions 1,2,3

This allows us to define the null homotopy N* that we want as

N*(ta a, baplva) = Np1,p2 (t) (CL, b) <p17p2)-

I I I Iy I3

Iy || idys Ny | idysNy | idysNy | idssNy | idys Ny

Iy : || idyNpy | id4Npy | id4Npy | idsNpy (4.1)
Ip: || idysNp |idssNp | idssNp

Iy || idysNp | idysNp

I || idysNp

4.2 Null homotopy of G(p,q,r) in T3Emby(I, M)

In this section, we use similar ideas to Section 4.1 to define the null homotopy of G(p, ¢, r) in

m3T3Emby(I, M). The element G(p, q,r): I? — Emby(I, M) is null homotopic in Immg (1, M).
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B3

D2

Figure 4.1: Division of I into subintervals I; through I,

We will use three such null homotopies: “Back-track” Ng, “Undo” Ny, and “Full” Np.

G(p’ q; T) % id’}/ G(p’ 7 T) % id/y G(pa q, T) % id’}/

that we define in Section 4.3. We also define homotopies between each pair

N N, N
N X Ny N BB Ny N 25 N
as well as homotopies between these homotopies such as
N
Ny /=% Ny
NBFT Ngpru TNBF 6
Nk idNp N —

in Section 4.4, where we also write Ny x for revsNxy.
We will consider the interval as partitioned (up to overlapping endpoints) into the sub-

intervals Iy, I/, I, o, I3, I3, Iy, listed in order. The chords Ay, By, (4, Dy originate at I,

chords As, By, Cs, Dy originate at Is, and chords As, B3 originate at I3. All 10 chords lasso

around points on I. See Figure 4.1.
First, we define N: C3(I) — Map (I x I3, Emby(I, M)) where (p1,p2,p3) — Ny, s
Ny, ps.ps 18 as specified in the

such that if py, ps, p3 are in specified intervals as in table (4.2),
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(L L)Y —— (L L)Y —— I L)Y —— (b 1y L)Y

~ e ~

(I I 1,)Y (I3 L)Y —— (313 1,)Y
0L LI 14)F — (I Ip 1)V .
/ (I, I3 I5)B s (LI;1)E — (I31s)

(I, I, L)Y /

LMLL)E (LI TP ,
(I 1 )P

C.<I>
L L) — (LI I)° °

e

7
(Il Il IQ)B (p3)

6 (p2)
‘ !Z% S (p1)

0L I)°

Figure 4.2: Adjacency graph of products I, x I, x I, with their null homotopies

rightmost column.

P1 D2 D3 Null homotopy Ny, pops

L)L) | I/ I)/15 | I/ 15) 15 Ng

L/I/1 | I/ 13/14 Iy Nu (4.2)
5L L/15/1, I, Ny
L I, 1, Np

Figure 4.2 is a visualization of each of the products of intervals Iy, Is, I3, I in C3(/) and
the superscript is Ny, ,, p, from Table (4.2). This allows us to see which transition homotopies
we will need to extend N to the entirety of Cs(I).

Now we will extend N to the rest of C3(I) as a composition of concatenation diagrams
below. We will assume the directions of C5(I) are 5,6, 7 respectively because Nx (for X €

{B, U, F}) uses directions 1 through 4. Furthermore, Nxy is a homotopy from Nx to Ny in
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the 5 direction (which will be used to ‘fill edges’ in Figure 4.2), and Nxyzw is a homotopy
in the 6 direction between two of these homotopies (where XY, Z, W € {B,U, F'}), which
will be used to ‘fill faces’.

The concatenation diagram (4.3) for N, is written from bottom up to form C3(I). Recall

that id Ny means id; 5Ny for X = {U, B, F'} and idNxy means id7¢Nxy.
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ps € 1 p3 € Iy p3 € Iy

I Iy I
I Iy
I - Iy : || idNp | idNp | idNg
. *7 ]1/ : ldNB ldNB *7
I, || idNp Iy ||idNp | idNp
[1 : idNB .
Il ldNB
p3 € Iy p3s €13
L | Iy | Iy | Iy | I
[1 ]1/ [2 12/ 1 1 2 2 3
]3 .
]2/ . .
. _[2/ . ldNB
*7 | Iy idNp *7
[2 .
[1/ :
[1/ :
Il .
]1 .
ps € Iy
I Iy Iy | Iy | I3 | I3
1 1 2 2 3 3 (43)
13/ :
13 . idNBU
*7 Iy 6
Iy : || idNpr | Nppru .
]1/ .
]1 . idNBU
ps € Iy
]1 _[1/ ]2 _[2/ ]3 _[3/ ]4
I4 :
EY idNy
13 :
*7
[2/ :
IQI idNF idNFU
Ill .
I : || idNy

Definition 4.2.1. Given Nx: I — Map (I3,Immy(I, M)), define N: I x I* x I* — M?3

61



as the induced map

N)*( (t7 a, b7 C, p17p27p3) = <NX<t> (CL, bv C) (p1)> NX(t) <a7 b7 C) <p2)7 NX (t) (a’ b7 C) <p3))

that applies the immersion to tuples (pi, p2, p3) in I°.

The null homotopies N}, Nj, Ni: I x I3 x I3 — M3 land in C3(M) when we restrict to
certain products I x I? x I, x I, x I, (see Table (4.2) of subintervals I, Iy, I3, I;). For example,
on the block I} x Iy x Iy C I3, N sends distinct triples (p; X pa X p3) to distinct triples in
M: even though the backtrack homotopy contains non-embedded intervals in general, ps is
in I, and never in I,. So the image of I} x Iy x I in M? doesn’t detect the self intersection
of the immersion (which is only seen in the product I, x I, x I, where either a or b is 1,2,
or 3).

We use the map N: C3(I) — Map (I x I?,Emby(I, M)) to define a map N*: I x I X
C3(I) — C3(M) which will be our null homotopy of T53G(p, q,7).

Definition 4.2.2. We now define N*: I x I* x C3(I) — C3(M) as

N*(t7 a, b7 ¢, p17p27p3) = Npl,pg,pg (t) ((I, bv C) (p17p27p3)

4.3 The homotopies Ng, Ny, Np

In Definitions 2.1.5 to 2.1.7 we defined the undo, backtrack, and full null homotopies for
lassos. Using them, we show in this section that the map G(p,q,r): I — Emby(I, M) is
null homotopic in Immg (I, M). We construct three such null homotopies: “Back-track” Ng,

“Undo” Ny, and “Full” N using the homotopies in the earlier subsections mentioned.
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4.3.1 The undo homotopy Ny of G(p,q,r)

On the green portion of G(p, ¢, 7), we define the undo null homotopy of G(p, ¢, ) by applying
the undo null homotopy of L4,p, to the center of the concatenation and folding the undo

homotopy around the outside as in (4.4).

ide1La,Bs | Uays,

(4.4)

4 ide 1 U, B, fold SU 4, 5,

We define the undo homotopy on the entire blue part of G(p,q,r) in (4.5). The undo
homotopy for the orange is the same and we would put them together perpendicular to each

other using the rot operation as we did when defining G(p, ¢) and Fp.
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idL 4, B,c, D,

id,F | foldysF
idLa,gcip, | Tur
idsU
idoTry foldy S Ty
A idLa, B c,p, | foldy{Typ
idy sU
id,U foldy5U
idL A, B,c, D, idsU
idsU

gy | |4

64
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4.3.2 The full homotopy Ny of G(p,q,r)

The Full Homotopy Npg for the green portion can be either Ny or N (because we only
need the full end homotopy when the green chords are not visible in the induced map
C3(I) — C5(M). We shall choose Ny .

For the blue part of G(p, q,r) we define N as follows. (the orange part is done similarly
but with a 1 — 2 rotation with the chords Ay, By, Cy, Dy replaced by Ay, By, Cs, Ds),
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. 0,0
idLa,pcypy | Tur
idsU

ids o F id,foldy '3

. 0,0
idL,B,cyp, | foldyTur

idsTyr _—

idy F foldy5 F*

idLa o, | idsF | -

ldLAlBlClD1 F

id,

fold e | |4

idvy | idy

4.3.3 The backtrack homotopy N of G(p,q,r)

On the green part of G(p, ¢, 1), we first transition the U border of L 4,5, to B and then apply

B to the center and we fold B on the border.
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ide1La,p, | U

4 idso1LasBs | Tus
ids L B 2
1d2 1L/ 43B;
1
4 ingB foldg:gB
idy | idy

On the blue part (and orange by rotation), we define Np as follows.
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. 0,0
idLa,oyp, | Tur
idsU
. 0,0
ldQTFB f01d2’3TFB
A idLa,Bycy Dy TurBB
id3Ty B
v
. 0,0
id,B | fold)’B
ldLAlB1C1D1 ld3B
ids B
| ot
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4.4 Transition homotopies between Ny, Ng, and Np

4.4.1 The Undo-Full transition homotopy Nyr from Ny to Np

The full-undo transition is needed when either the orange chords are not seen (p; is in the
intervals I] or ps is in I}) or the blue chords aren’t seen (p; is in the interval I} or p, is in
the interval ).

The essential piece in this transition is the homotopy presented in Section 3.3 which is
what we shall do on the lasso portion. For the borders, we show how to transition from Ny

to Np using piece-wise transitions and concatenations.

idyTry | foldySTry

idLAlBlClDl l :1374 - * f ld
s 1 (0] ’
3,2 27 3

id, 5U

idfoldy i Try | fold)Sfoldy {Try

idLAlBlchl roty stwistsTyr -
5 *4 ld3’2TUF foldg:gTUF

idsfoldy ) T

idyoF | fold)3idsF

. 0,0
ldLAlBlClDl f01d3’4TUF

*4 idsoF | foldy§F

id3Typ

The map twist;Tyr is defined in Lemma 2.7.12.

The top right squares of the first piece of the source, the target, and the morphism can
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be described as foldg:g of the square

F idF

F
idF foldé:iTFU ,I\TUF 4
U

F 3
_
Tru
which becomes
idfold?2F
0,0 ! 2,3 0,0
fold273F fold273F
idfold)? fold2fold} T 5
1 0d2’3F (0] 273 (0] 374 FU f01d2’3TUF
_
foldy s FF ———————— foldy5U 4

foldy S Try

4.4.2 The transition homotopy Ny from Np to Ny

We now show how to transition from Ny to Ny .

70



idyTrp | foldysTrp

idL 4, B,c, D, Turss

. 0,0
idsTyp ’
2
. 0,0
id2Trpru fold,y 3 Trpru
foldy{ Tspu P
idLa,B,0,D, 104
5 fold s Turpp | *4 idy32Tpy | fold)iTpy
idsfoldy Ty

idyTry | foldy 3Ty

. 1,0
ldLA131 C1D1 f01d374TUF

*4 id; U | fold)sU

id, sU

4.4.3 The transition homotopy Nppr from Np to Np

We now show how to transition from N to Np.

71



idyTrp | foldysTrp

idL4,B,cy D, TurBB

. 0,0
*4 id; o B | foldysB
id3Typ ’
2
idofolds (T | foldy Sfoldl { Trp
fOIngZTBBUF

idLa, By Dy Lo

5 f01d4:5TUFBB *4 1d473,2TBF foldg’gTBF
idsTupur

3

idyoF | foldy3ids

. 0,0
ldLA131 C1D1 f01d374TUF

*4 id;oF' | fold)sF

)

id;Tyr

4.4.4 Transition of transitions

We now describe a transition homotopy Npygr from Ny to Ngr such that on the sides it

has idNg and Nyp
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idsTrpry fOldg:gTFBFU

. fOIdéngBBUF
idLa, 0,0, 1ol - 0.0
fold, s Turss *4 1d4,3,2TBU f01d2’3TBU

idsfold; Ty 3

idsfold} (Tr 5 oo (idsfolds Tr s
ido *3 fold2: 0 1*3
fOldg}5TBBFU f01d3:5TBBFU

roty ¢twist3Tepur

. *4
idLa;Bycy Dy . 1,0
6 1d6f01d4 5TUFBB *4

idsfold;gTU B
ids *3

fOIdé’gTBBUF

idy32TBupr | foldyiTsunr

. 1,0 0,0 1,0
foldy 3 Tspu F

idL4,B,c,D; X ldm*; - . 1 10,0
oldy5iUFBB *4 1d4,3,2TBF 1'01(12 3TBF

idsTypur

The map twistsTgpyr is defined in Lemma 2.7.12 and has as its target in the 5-direction
the map twists;Tyr from Section 4.4.1.

In Section 4.2, we use Npppy which is revsrot; ¢ Ngupr.
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Chapter 5

maEmbg(I, S! x B?) via Generators and

Relations in 7T7<C4<Sl X Bg>)

In this chapter, m,Cy(M) denotes the rational homotopy groups unless specified.

5.1 Background on m,,(Cy(S! x B?))

We recall the relations satisfied by the rational generators ¢ - w;; of m,Cy(S* x B®) from

[BG21].
o w; = (—1)k+1wﬂ~, which becomes w;; = w;; when k = 3.
o [wij, wjr] = [wjk, W] = [wki, wij] = —[wjk, wy]

e Jacobi identity: [A, [B,C]| + [B, [C,A]] + [C,[A, B]] = 0 (when A, B, C have the same
degree)

a1402 amay.. = +37 Y. = +5 7%,
o 11ty ... tyrw =1 wij =17 Wi

o [w;;, wy] =0 where {4, j} N{k, I} = ¢.

We will say that the “cyclic shifts” of [A, [B, C]] are [B, [C, A]] and [C, [A, B]].
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5.2 Generators of m;(C3(S! x B?))

The linearly independent generators of 77(C5(S* x B?)) are given by:
(A) [tzf T W2, [t({ S Wi, T w12“

(B) [t} - wna, [t] - wia, th - wos]] and a cyclic shift [t5 - wog, [t1 - wia, 1] - w1s]]
(C) [t} - wia, [t3 - was, th - wes]] and a cyclic shift [t - wag, [tT - wia, th - was]]
(D) [t5 - was, [t5 - was, th - was]]

(E) [t] - wis, [t] - wiz, 17 - wi]]

All other generators can be shown to be a linear combination of the above by using Jacobi

and other relations repeatedly.

5.3 Generators and relations of 7;C,(S! x B?)

R is the subgroup of 77(C4(S* x B3)) generated by torsion and the images of the maps
m7(C3(S" x B?)) — m(C4(S* x B?))
induced by the 5 boundary faces of C;(S! x B3):
P1 =%, p1 = D2, P2 = P3, P3 = pa, and py = *.

We now describe the relations on elements of 77(Cy(S* x B?)) that arise from quotienting

by R.

e The face p; = * gives us that
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for i,4,k,l,m,n € {2,3,4}.

e The face py = * gives the same when i, j,k,[,m,n € {1,2,3}.

e From the face p; = po, t1 — tito, to +— t3, and t3 +— t4. It hence maps

p p p
tl - Wi tl + W13 +t2 - Wo3,

q q
t2 - Wa3 > t3 - W3y,

p p p

Note that generators (A) and (D) map to relations already obtained from faces py = *

and p; = * respectively.

We start with the first generator of (B), where we have

[tllj * W3, [t({ * W3, tg

+  [th - was, [t] - wys, th
[t} - wia, [t - wi2, th - was]] — & g ’
+ [th - wss, [t] - wos, th

+  [t5 - was, [t] - wos, 1}

[t} - was, [T - was, B - wa4]]
= 4+ [t was, [t] - wis, £ - wsa)]
[t] - wis, [t3 - was, ] - ws4l]

because the bottom term comes from p; = *.

- W3]
- W3]
“ W3]

“ W3]

(5.1)

We also obtain a relation similar to a relation in [BG21] by cyclically shifting the
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relation in (5.1) to get

[th - wsy, [t - wis, t] - wis]]
+ [t - wag, [th - wag, 1] - was)]

+ [th - wag, [t] - Wiz, 13 - was]]

= [t5 - wsa, ([} - wis, 1 - wig] + (tht] — 1715)[was, wis])] = 0

Now we do the second generator of (C), where we have

[th - wag, [t] - wz, th - wag]] >
[t5 - wsg, [tT - was, th - wag]] + [t5 - wsa, [t3 - was, 1 - wa4]]

= [t5 - way, [t] - w3, 1 - w34]]

because the latter is 0 from p; = *.

So, this gives us

[t5 - w3, [t] - w13, t5 - wa4]] = 0 (5.2)

as well as

[t} - was, [t9 - wsg, 15 - waq]] =0

(by using the Jacobi relation).

The generator (E) will be dealt with later.

e The face p3 = ps works almost analogously to the p; = ps face. This face inclusion

maps ty —> ty, to > 1o, t3 > t3t4. It hence maps

p p p
t2 + Wog > Zf2 © W3 +t2 * Wy,

q q
tl c Wi tl - W12,
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p p p
t] - wyz =t - wig + 1] - wia.

Note that generators (A) and (D) map to relations already obtained from faces py = *

and p; = * respectively.

We start with the first generator of (B).

(17 - wig, [t] - wig, th - wos]] —
(11 - wia, [T - wia, L5 - was]] + [T - wra, [T - w1a, £ - wadl] (5.3)

= [t} - wia, [t] - wia, 1} - w4

This gives [t} - wig, [t] - wia, ] - way]] = 0 as well as [t5 - way, [t] - w12, t] - w12]] = 0 by the

Jacobi identity.

Now the first generator of (C).

[t] - wia, [tS - was, th - was]]

D, q . r
[t] - wig, [td - wag, t5 - was]] — + [t wig, [65 - was, 1 - wadl]

[t} - wig, [t - wa, th - was]

+ [t} - wig, [t] - wag, 1] - way]]

[t] - wia, [t4 - was, th - w4
= 4+ [t} wia, [t] - waa, th - woas]]

[t1 - Wi, [t5 - waa, th - way]]
(The first term is 0 from the p, = * face)

Using the Jacobi identity to cyclically shift that relation we get

[t5 - wau, [tT - Wiz, By - way]] + [th - was, [t - wi2, B - way]] + [th - way, [t] - wra, th - was]] = 0.
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We will need further algebraic manipulation to this relation for later.

[th - wau, [t] - wia, ] - w4

= — [th-wos, [t] - w12, th - Wou]]

— [th - way, [t] - wia, th - was]]
= — [T was, [ty wia, £ wa]]
— [T waa, [ wia, 1T wag]
(L 577 ") [was, [wi2, waa]]
(o 5t P [wag, [wig, was]] (5.4)
= — (t ") [wos, [wia, wia)]
— (BT ) [wag, [w1, wha]
ty Tt ([wia, [wi2, was]] 4 [wiz, [was, wia]])
t;qtgqirtlpfq ([w1s, [wi2, was]] + [w12, [wag, w1s]])

+
I

=+ (7T [wi, [wis, wio]]
+

(t3 75"t ) [was, [wia, wis]]

We use the Jacobi identity at the 5th equal sign which changes the sign of the whole
expression. For the last equality, we can delete the 2nd and 4th term because they

have a whitehead product of the form [w;;, wy] where {7, 5} N {k,(} = ¢.

The generator (E) will be done later.

Remark 5.3.1. So far, we have shown that [t5-way, [t] w12, th-wa4)] and [t} -wys, [t] w3, th-ws4]]

(and their cyclic shifts) can be written as a sum of terms with all four indices.

On the other hand, [t} - wia[t] - wia, 1} - wa4]] and [t} - wag, [t] - wig, 15 - ws4]] (and their cyclic

shifts) are 0.

Furthermore, any term which has only three indices (say {1,3,4} or {1,2,4} are generated
by the above terms with three indices. Thus we can conclude so far that, m7(C4(S* x B3))/R

is generated by just the terms with all four indices included.
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e The face po = p3 maps t1 — tq, to —> tot3, and t3 —> t4. It hence maps

p p p
t2 c Wao3 > tQ 'U}24+t3 - W3y,

t? - Wy > t? - Wyg + tlf - W13,
tzl) - W13 > th - W1i4-
Note that generators (A) and (D) map to relations already obtained from faces py = *

and p; = * respectively.

Generator (E) maps to [t] - w1y, [t - w14, ] - w14]] making that zero.

Let

th - woz > th - woy + 15wz = Ag+ Az, t] - wig > t] - wig + ] - w13 = By + Bs

and tg~w23»—>t72’~w24+t§~w34202+03.

Note that [A;, [Ba, Cs]] = [A;, [Bs, Cs]] = 0 because [w;j, wy| = 0 when {i, j} N {k,{} =
¢

The second generator of (C) included into py = ps maps to the element in (5.5) after

setting the above terms 0.

(5 - wag, [t] - wiz, t5 - was]] (5.5)
[Az, [Ba, Co] [th - wou, [t] - Wiz, th - wWaa]]
+ [A?)a [BQa CQH o + [tg * W34, [t({ * W12, tg . U}24H
+ [Ay, [Bs, Cs]] +  [th - wau, [t] - Wi, 5 - wa4]]
+ [A?n [B?n 03]] + [tg * W34, [t? + w13, tg . UJ34H

The last term is 0 from (5.2) in face p; = py. The first term will be rewritten by (5.4).
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So we get the 4-term equation in (5.6).

+(t2_qt3?p_qt2q_r) [w14, [w13, w12]]
+(t2 qts - Tt4 P q) [w137 [w14, le]]

+[t5 - wag, [t] - Wiz, 1 - Way]]

+[th - wau, [t] - Wiz, 15 - waa]]

+(t27qt§piqthir) [w14, [w13> wlZ]]
"’(t;qt;q_rtzp_q) [w13, [w14, wm“

H[t T wsa, £ T, T [wig, wad]

H[t T waa, 1M, T [wis, wadl]

+(ty 1t P ) [waa, [wes, wia]]

+(t2 qt3q Tt4p ! [U}13, [w14,w12]]

")

)
+(t5 15Tt ) [waa, [wi2, wadl]
+(tp "t qu4 )[w24, [w13>w34]]
+

qt P qt4 )[w147 [w137w12]]

(5 7t ) [was, [wig, wig]]

(ts
(

+(t5 15Tt ) [waa, [wig, wea]]
(t5

(T, T ) [wad, [wra, we3])]

+(t27qt?jpiqt4 [w14, [wls, w12]]

")
+(t 1t ) [was, [wia, wia]]
—(t ) [wag, [wsg, wi4]]
)

_(tgiq#t?th [’w13, [w24, U)14]]
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+(ty thp qu4 )[w14, [w13:w12“

+(ts Tt T T [wag, [wig, wig]]

(
(
— () [wan, [wig, wis]]
—(t3

B, T [wa g, [waa, wig)]

Setting p =g =17 =0 in (5.6) we get that
(W14, (w13, wia]] — [wiz, [wig, wis]] = 0 (5.7)
Using the Jacobi identity, we further get

[wg, (W12, wi4]] = —2[w1a, [wiz, wia]] = —2[wig, (W14, wi]] = —[wrs, [wig, wi2]]

Our four term relation then becomes

(t s T T+ 2 My T T — T T = 285 T [wia, [wes, wis)]

=0 (5.8)

which says that 77(C4(S' x B?))/R maps surjectively to
G:= Qi 565"/ ((t;qt;pfqtiqﬂ' b2y TP AT g pa Ty 0).
When we set p = ¢ = r in the 4-term relation (5.8), it becomes
(3159529, % — 34573, °") [wia, [wis, wis]] = 0,

which gives us t;7 = 1 in G (as we are working with rational homotopy groups). We don’t
consider ¢; = 0 because each of these are invertible. Using t3 = 1 and setting ¢ = r = 0 we

get 1+ 2t,7 =1+ 2t5 which gives t, = t; in G.
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So, at this point we have

7'('7C’4<S1 X B3>/R —» @[tzil]

where 1 € Q = [wyy, [wys, wia]]

5.3.1 Relations with three indices

We will now see how there is one more relation we get when including generator (F) into
face p; = py. This gives us a relation with 3-indices containing [t} - wqa, [t] - w14, t} - wo4]] and
its two cyclic shifts which we then rewrite in terms of [w1y, w13, wis]] (and similarly for the
relations containing [t] - wis, [t] - w14, t§ - w34]] and its two cyclic shifts).

We will use frequently that

[w14, w24] = [w12, w14] = [w24, w12]-

First note that from Eq. (5.3), we get that

(27 - waz, [ - wia, 15 - waal] = —[8 - waa, [t185 - waz, 1 - waal] = 0
This means
[£5 - waa, [0 - wiz, 1 - wia]] = —[61 - wig, [t - was, 8 - wao]] = [t - w1g, [1] - w1a, 85 - w2a]]
In (5.9) we use [w;;, w;r] = [w;k, wg;] in the first equality and (5.4) for the second equality

and use results from the end of the previous section to further simplify.
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[5 - wau, [t] - wig, 11 - wiy]
= —[th - wag, [t] - w1, 1) - wa4]
= —(t 3" ) [wia, [wis, wia]] — (8 Tt [was, [wia, wig]] (5.9)
= —th[wig, (w3, wia]] — 2t5[w1a, (w13, wio)]

= —(t5 + 2t5)[w1a4, [w13, w1s]]

We also have

[t(ﬁr Wy, [t] - wia, By - way)]
= [tg * W4, [t? * W2, t(err . U)14]] (510)
= _(tg + 2753)[“’14, [w137 w12“-

Generator (E) included into face p; = po:

[t] - wsg, [t] - ws, t] - wis]] —

(] - wig, [t] - wia, t] - wia]]  H[t] - wig, [t] - wia, B - wa]
+ [ wia, [t wos, 8] - wig)] [ - waa, [E] - wag, £ - way]]

+ [ wau, [t] - wig, 8] - wrag)]  H[ES - waa, [1] - wia, th - way]]

+ 15 - wau, [tg - wog, 1] - wia]]  H[L5 - waa, [tG - Was, th - Wayl]
The first term is 0 from generator (E) included into py = p3 and the last term is 0 from

p1 = *. We break up the 4th and 5th terms using the Jacobi relation and use relation

[wi;, wjk] = [wjk, wk;] repeatedly on all remaining terms to get

[t] - wsg, [t] - ws, t] - wis]] —

— [ wia, [t wan, th - was]] A wg, [1T - wie, 1 wad]]

—q p

+ [t wou, [T wig, ] - wng]] =t - wag, BT - wia, 8] - wiy]]

+ [t wia, [t w5 s wag]] —[E] - wia, [t - wia, 8 - way]

—-q

+  [th - wou, [t wig, t] - wia]]  —[th - wag, [T - wia, ] - w4]

84



Using (5.9) and (5.10) will greatly simplify calculations to make the last relation.

(57 +2t) (7 21))
—(t5 + 2t3) +(td + 2t7)
[w14, [w13> w12”
—(5FTT 4 2eh) (65T 4 248)
—(t5 + 2t5) +(td + 2t8)

Thus in G this becomes

25T — 25T 4 215 — 2t = 0

which when we set p = ¢ = 0, we get 4t5, — 2t;" — 2 = 0 which setting r =1 is

If we set r = —1, we get

A1 =2 —2=0 = 215 —t, =0

which if we subtract from the equation we got when setting r = 1, this gives us 3t3 — 3 =0
which can be plugged back in to 2 — 2 — 5 = 0 to get t, = 1.

and we finally get Theorem 1.0.4 that holds rationally:

mCy(S' x B /R:=Q  generated by [wyy, [w13, wi4]]
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Figure 5.1: E) page for spectral sequence computing Emby(7, S* x B?)
5.4 Computations in the Bousfield Kan spectral se-
quence for 7.Emby(1, M)

We now turn our attention to the Bousfield Kan spectral sequence for 7 (Embg (7, M)) which
Sinha constructs in [Sin09] and using which Scannell and Sinha [SS02] compute various

differentials in the case of M = B*. We recall that
EP = ﬂ ker(s;) C m,Cp,{M) and d; = Z(—l)i(?i

We compute d; in our case of M = S' x B? similar to [SS02]. Here, the F; page has
infinite dimensional cells as shown in Figure 5.1 (by virtue of the m; action on homotopy
groups of C(S1 x B3)).

For instance, E; > is generated by [t? w1, t?-wy,] where p > ¢ because this is the only non
zero whitehead product and is also, trivially, in the kernals of all s;: m5C2(M) — m5C1(M).

We also have E 39 is generated by [t] w3, t4-we3] because any element in the intersection
N, ker s;: m5C5(M) — m5C2(M) has to have all three indices involved, so that forgetting any
point sends at least one w;; to 0.

We will now compute the 9 differentials from E}>° — E[>°,
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80([75[1) - W2, t(f : wm]) = [tg - Was, tg : w23]

al([tzl) - Wiz, t({ ’ wl?]) - [tlf Twiz + tg + Was, t[{ - w3 + tg . w23]
= +[t] - wiz, 1] - wiz] + [15 - was, 1] - wis]

+ [t} - wig, 3 - was] 4 [th - was, 13 - wag]
P ([th - wig, ] - wia]) = [t - wia + ] - wiz, 1] - wia + ] - wy3)
= +[t] - wyg, t] - wia] + [} - wig, ] - wys]

+ [tﬁ) - W13, t({ . wlg] + [tllj - W3, t(ll . ’LU13]

([ - wia, t] - wia]) = [t - wia, t] - wio)

3 . .
When we put these together into d; = »_(—1)'0", we get
i=0
di([t] - wio, ] - wia]) = —[th - was, t] - wis] — [} - wis, 1] - wos]

+ [tzlj * W2, t(f . wlg] + [tzlj * W13, t({ . ’wlg}
= t{th[w1s, was) — ttd[wis, w3
+ 15 Pt5 Y [wiz, was] + 57t [waz, wi)

= (t{ty — t7t5 + {1577 — ¢ty ) [wis, wos]

which is precisely the hexagonal relation in Remark 3.5 in [BG21]. This makes E, >’ =
QU 71/ + e~ = e4eh + e,

We also note that terms we get in the images of 9 that are not in () ker s; (in 75(C5(S* x
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Figure 5.2: Part of Ey page

B3)), like [th - w3, 14 - was], cancel out in the alternating sum to make a well defined d; to
E5.

To show E;*° = 0, we see the kernal of d; : E;>° — E;*° is trivial (Rather, [t? - wys, ¢ -
wia] — [t9 - wia, t] - wqg] is in the kernal but is already 0). Hence the Fy page in cells row 5
and lower looks like Figure 5.2.

Because there is no other d, that hits £-*5 and also there is nothing else in the —p+q = 2

diagonal of E7P4 we can say that rationally,

moEmby (1, 5" x BY) = QU 151]/{£51] + 505 = 5 + (11477

In other words, the W3 map in [BG21] is an isomorphism.

The computation of d;: E} L E; 4T is more computationally challenging, but most of
the work has been done in Section 5.3 where we computed the images of various generators
under the face inclusions (in the context of cosimplicial spaces here, they will be called coface
maps).

First we must determine F; 57 and By sl E; #7T contains iterated whitehead products of
t%-w;; where all three indices are present, so [t} w12, [t]-w12, t]-w13]] and [t]-wis, [t w12, t]-w;s]
(and a cyclic shift of each) will be generators. Similarly E; " contains iterated whitehead
products of ¢ - w;; where all four indices are present, so [t} - wio, [t] - wi3, t] - wi4]] (and a

cyclic shift) will be generators.
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80([#1’ - W, [t? S wie, T w13H) = [tg - Was, [tg “ Wag, Ty - w24“

O ([t - wa, [t] - wig, ] - wis]])
= [t - wiz + th - wos, [t] - wiz + 4 - wog, t] - wig + T4 - way]]
= [t - wis, [t] - wiz, 1] - wia]] + [t - was, [t - wis, 1] - wia]
+ [t5 - wys, [t - woz, 1] - w1g]] + [t5 - was, [t3 - wasz, t] - w14]]
+ [t} - wys, [t] - was, th - way]] + [t5 - wag, [t] - w1z, th - way]

+ [t] - wag, [t3 - was, t - way]] + [th - wag, [t3 - was, th - wa4]

O*([t) - wra, [tT - wra, 8] - wys)])
= [t - wig + 17 - wiz, [t - wig + 1] - wiz, 1 - wiy]
= [t} - wia, [t] - wia, 1] - wia]] + [} - wio, [t] - wis, 1] - wi4]

+ [t - wag, [t] - wig, t] - wig]] + [t - was, [t] - was, t] - wi4]]

OP([E] - wia, [tT - wyg, B - wis]])[E] - wiz, [E1 - wia, 1] - wig + ] - w1a]]

= [t] - wiz, [tT - wia, ] - wis]] + [t] - waz, [t - wia, 1] - w14]]

64([1}}1’ - Wiz, [t({ - Wiz, t; ' w13]]) - [tzl) s W12, [t({ - Wiz, tg ' U}lg]]

4 . .
When we put these together into d; = > (—1)'0", we get
i=0
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di ([t} - wia, [t] - wia, t] - wys)])
= —[th - was, [t] - wig, t] - wia]] — [t] - was, [tL - wag, th - wo4]]

H[t] - waz, [t - was, 8] - wia]] 4 [ - was, [H - waa, B - wig]]

= F[t] - wia, [t5 - wag, t] - wis]] + [ - waa, [] - wis, 13 - was])]

(15 Pt3 1ty ") [wia[wis, wia]] + 15 5P wis, [wi, wi)]

= [t} - wia, ] [wiz, wia]] + [t - wag, w2, wis]]

(15 Pt3 ") [wia[wis, wia)] + 15 5P was, [wi, wi)] (5.11)

= 5 [waa, [wig, wia]] + [th - waa, [T wig, B - w3

(5 57, ") [wia[wis, wia]] + 155, [was, [wia, wig]]

=+t [wia, [wig, wia]] =[] - was, [E7  wag, 17T wig]]

+(t57t5 7, ) [wia[wis, wia]] + 1557 [was, [wia, wig]]

=ty 3y ) [wig, [wis, wig]] — (5 PP [was, [wia, wid]]]

+(ty Pt3 Uty ") [wia[wis, wia]] + 5 3Pty wis, [wia, wil]

When we set p=¢g =1 =01in (5.11) and set that expression to 0 in Ef4’7 we get

[w12[w137 w14]] = —[w14, [w13, w12” = [w14[w12,w13]]

which is the same relation we obtained in (5.7). So we also have

[w13, [w12, w14]] = 2[1012, [w13, w14]]
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This also appears in d [[wy3, w3, was] in [SS02] for M = B*. Hence (5.11) becomes
(=579t — 24P Pt P 4ty e e+ 205 5Pt [wi, [wis, wia]) = 0
Setting p = q = r, we get
0= —t;71;7 — 25747 + ;76,7457 + 257457, = —3(tst) P(1 — t57)
This gives us to = 1 and setting r = 0 in (5.11) gives us
0=—t37 =267t P +t594+2t," = =2t " —1) =0

which gives us t4 = 1, in addition to t, = 1 we got previously.
We compute di ([t} - wys, [t - wia, t] - wis]]) (the cyclic shift of [¢] - wqa, [t] - wia, t] - wis]]).

A similar calculation gives us
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di ([t} - was, [t] - wiz, t] - wia]])
= —[th - wia, [t] - wis, th - was]] — [H] - wia, [t5 - wag, 1] - whs)]
—[th - wau, [t] - wis, B - was]] — [t5 - way, [td - was, 1] - wy3]]

H[t] - wag, [1] - wia, B - wis]] 4 [ - wag, [1] - was, B - wis]]

= —[t) - wia, tTt5[wia, wis]] — [t] - wia, 1387 [wys, wia]]
—[t5 - wau, t{th[w1, wis]] — [ty - waa, 1517 [wi3, w1a)]

o Tty "ty Pwia, [z, was]] + ty "t P fwag, [wis, wial]

= —ty 3%, P[wig, [wiz, wis]] — 1t Tt P lwig, [was, wg)] (5.12)
—t5 5 Tty TP [wag, [wig, wis]] — 4T P wag, [wis, wis]]

5,57t P lwaa, [wrg, wag)] + £y "t5 Tt P wia, [wis, wis)]

= —ty 37, [, [wia, wis]] — 5737, [wia, [wis, wis]]
Aty Mty Ty fwes, (g, wigl] 15T was, [wig, wia]]
5 Tty "ty Pwia, [z, was]] + ty Tt M fwig, [wis, wia]]

= (=374 t3" + 2t — 2657 + 137 — t39) [wiz, [wiz, wi4]]

= 0

We now have to compute and dy ([t} - wis, [t] - w1z, t] - wi3]]), and for its cyclic shift. We

get the following by a similar alternating sum.
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di ([t} - wss, [t] - wiz, t] - wys)])
= —[t] - wig, [t] - wag, th - wau]] — [th - wau, [t] - wis, t] - w14]]

— [t - wng, [tT - wag, 8] - wig]] — [ - wag, [t - w12, ] - wis]]

= —tV"t3 9 [wia, [was, wag]] — 5t [waa, [wis, w14

—ty 3ty [wis, [wig, wia]] — 5 757 fwag, [wig, wis)]

=+t [was, [wag, wig]] + 5t ) [was, [Wia, wad]

—(2t57 +t37) [wia, [wia, wis]]

=+t [was, [wia, wia]] + 5ty was, [wig, w14

—(2t57 4+ t37) [wiz, [wis, wi4)]

= =t Ttg Mty [wig, [wig, was]] + (2857 — 257 — 137) [wag, [wi3, wial]

= —[t;pwm, [tgiqipwlsy tgipww]] + (275;(1 - 2t§p - tgr)[wu, [w137 w14]]

= (tg_q_p + Qt?:q — 2t§p — t37) w2, [wig, wi4]]

When we set ¢ = —1 and p = r = 0, we get 3t} — 3 = 0 giving us t3 = 1.

Similar to the cyclic shift of [¢] - wig, [t] « wia, 8] - wis]], we can show dy([t] - wie, [t] -
w3, 1] - wy3]]) equals 0. Thus we have reduced E~*7/im d; to Q, where 1 € Q corresponds
to [wia, [wys, wi4]]. Thus the Fy page only has E;*" = Q on the —p + ¢ = 3 diagonal which

proves Theorem 1.0.5.
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Chapter 6

Strategies for Showing G(p, q,r) is

Nontrivial

6.1 Detecting whitehead products: Linking numbers

and Hopf invariants

Whitehead products [f,g] : S"™~1 — X factor as S"+m~1 — S7 v §™ L% X where the

first map is the whitehead product of inclusions of S™ and S™ into their wedge. We denote
that map ¢ : ST~ 1 — Snv 8™ If a € S",b € S™ are non wedge points, then ¢~1(a) and
¢~ 1(b) are homeomorphic to S™ ! and S™~! that are linked as a generalized Hopf link. We
can use this idea to define an invariant of homotopy classes of maps f : S*tm~1 — g7\ ™
as the linking number between f~'(a) and f~1(b).

Sinha and Walter in [SW13] describe a theory of Hopf invariants to detect homotopy
groups. We describe here that theory applied to the special case above (See [SW13, Example
1.9]). Suppose A and B are disjoint submanifolds of a manifold X with co-dimensions d4 and
dp respectively, and we want to create a homotopy invariant of a map f : Séatds=l 5 X
Let wy (and similarly wp) denote a representative of a d4 dimensional Thom cochain dual

to A (dual in the sense of the cap product). Then the linking number of f~'(A) and f~'(B)
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Figure 6.1: Depiction of linking with correction from [SW13]

in S@atds—1) i5 the same as an evaluation of a certain top dimensional cohomology class on

[S(@atdz=1)]  The invariant turns out to be:

[ @t rean g
S(da+dp=1)
where d~'w picks out some representative of H4™“)=1(.) that the coboundary d maps to
the cochain w. This would also be equal to [ (ffwaAd'f*wp). The analogy is that
linking number between Xy, X; € X is thesizg;gezéion number of X; with a manifold that
bounds X;_;).

Now if A and B intersect, then they describe a generalized linking invariant with correc-

tion to be

/(d_lf*wA A ffwp) £ ffwans)

gn

where w(anp) is the Thom co-chain for AN B. This allows us to detect a homotopy class
of f that may have representatives that have intersections between f~*(A) and f~(B), but
we we keep track of those intersection points with sign. This is best described in [SW13,
Figure 2] which is copied here as Figure 6.1 for convenience.

Now we will describe Budney and Gabai’s linking invariant to detect elements of
m5C5(S" x B3) induced by G(p,q). Let Ci(S* x B?) denote the universal covering space of
Ci(S* x B?) that is seen as a subset of Cy(R x B?) where each point has Z orbits. [BG21]

define t*Co! C C(S' x B?) to be the subspace of points (py, pa, - - - px) such that t*p; — p;
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in Cr(S" x B?) is parallel to a chosen vector ¢. (Here t*p; denotes the endpoint of the lift
of the loop a based at p;). These to‘Cog detect 5 w;;.

Let A be t?Co? and B be t1C03. A detects t{w;3 and B detects tdwss (see [BG21, Figure
9]). Let lk(A, B) denote the linking number between (G(p,q)) " *(A) and (G(p,q)) ' (B). If
A and B didn’t intersect, [k(A, B) would be the coefficient of #]t3[wy3, was] that G(p, ¢) maps
to, however A and B do intersect. They make an appropriate correction to account for this
intersection. Let C = t*79Co? and D = t7PCol. They show that [k(A — D, B — C) is an
invariant that detects the coefficient of #{td[ws3, wa3]. In the next section (Section 6.2), we
show using ideas from [SW13] how the sum/difference of linking numbers of preimages of
cohorizontal manifolds that Budney and Gabai use to detect [t{wss, t3wos] is an invariant.
This is essentially proved in [SW13, Section 3.3].

In the case of iterated Whitehead products (a focus of this thesis): ¢ : S7 — (S3V.S3)Vv S,
factors as S7 2 Sy v SE o2, (S2 v S)Vv S2. For points a € S2b € S}, c € S2, we
will have ¢7'(c) = S*, and ¢7'(p) = S?. Inside S5, we have ¢, ' (a) = ¢,'(b) = 5% So,
¢ (a) = ¢71(b) = ¢, (p) x ¢5 1(b) = S?x S2. So, to detect [[wi4, was), w34], we should expect
the submanifolds that detect w4 and wyy would have preimages S% x S? under G(0,0,0) and
the submanifold that detects ws, has preimage S* arranged in a triple linked configuration
depicted schematically in Figure 6.2.

Co} detects w;y for i = 1,2, 3. However, these submanifolds intersect each other, further-
more, in its current state, G(0,0,0) intersects Co} at these mutual intersections. One way
to show directly that G(0,0,0) — %[[wi4, oy, w34] would be to deform it to a map similar
to the one in [BG21, Definition 12.16] where the blue chords are only seen when p; € I
(and similarly for the green and orange chords). Another approach could be creating a well

defined linking invariant using ideas that we describe in Section 6.2.
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Figure 6.2: Schematic picture for linking in S” that detects [[w14, way), w34]
6.2 Showing the cohorizontal intersection number is an
invariant

Recall that A = ##Co3, B = t1C03, C = t#71%C0%? and D = t97?Co}. We see AN B =
(p1, D2, p3) such that (t"ps — py) is parallel to (t%p3 — po) and both are parallel to . So either
(p3, tPp1,t 9py) are collinear along ( (in that order) or (ps,t %py,t Pp;) are collinear along
¢. We have CND = ¢, AN D consists of points (p3, t Pp1,t~%py) along ¢ and BN C consists
of points (ps,t 9ps,t Pp;) along ¢ in those orders.

Hence (ANB)U(CND)=(ANC)U(BND). As long as the map we are detecting
does not intersect A, B, C, D in any of their mutual intersections, this allows us to define an
invariant as follows. We calculate the invariant as the linking number between the preimages
of A— C and B — D. In other words, we add [k(A, B) and [k(C, D) and subtract [k(A, D)
and (k(B,C). One intuition for why this is an invariant is because [k(A, B) detects the
coefficient of t)t[wy3, was), while —lk(A, D) detects —[t{ws3, td Pwis] and —1k(C, B) detects
—[t7 ™ %w1 9, tdwqs] which are all homotopic Whitehead products. (The pair (C, D) also detects
a whitehead product but that one is 0).

We use ideas from [SW13] to show that any submanifolds A, B, C, D such that (AN B)U
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(CND)=(ANC)U (BN D) creates such an invariant. Recall that

/(dlf*wA A ffwp) £ ffwanB)

Sn

is an invariant. However, if we add/subtract the linking numbers in the Budney-Gabai

invariant, the second term cancels out and we are left with

s [ n s @) - a7 ) A f o)

sn sn
+ [ d fH(we) A f(wp) — [ A7 (we) A FH(ws)
/ /

which would simply find the linking number (by geometry) of the preimages of the pair
(A—C,B — D). This would then be a homotopy invariant even though A, B, C, D have
pairwise intersections.

In [BG21], they proved this is an invariant by constructing a cobordism between certain
collinear manifolds to the above mentioned sum/difference of cohorizontal manifolds. The
alternative proof (nearly identical to [SW13, Section 3.3]) presented here can hopefully be
generalized to detect elements of m3Emby(1, M) like G(p, q,r). We would need to find what
combination of C'o! manifolds would cancel out intersections to make a well defined gener-
alized linking invariant. Furthermore, we would have to understand better how to compute
the correction terms given that we would have 3 intersecting 4-dimensional manifolds (with

possibly many components) in S”.
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Chapter 7

Future Goals

We describe here some future ambitions of this research project.

7.1 Further computations in the spectral sequence for
Tl x Em ba([, M)

We have computed differentials in the spectral sequence from Section 2.5. We would like to
be able to compute higher homotopy groups and potentially have a general result for the
homotopy groups of Emby (I, S' x B3).

Another curious fact is that E; " /ker(dy(E;>")) is isomorphic to m7(Cy(S* x B*))/R
where R is the images of the 5 possible face inclusions. The generators and relations of
the former are a strict subset of the generators and relations of the latter. However in
both situations of m;C4(S* x B?*)/R and 75C3(S* x B?), they have been isomorphic to
the corresponding groups from the spectral sequence. It is plausible this holds for higher

dimensional groups 7, 1C,{S' X B3)/R.
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7.2 Showing G(0,0,0) generates mEmby(I,S! x B?)

The immediate next step of this thesis would be to show that G(0,0,0) is the (rational)
generator of Emby(I,S! x B?). Some strategies and challenges to this were described in

Chapter 6.

7.3 Develop linking/intersection invariants to detect
elements of m, (),

We would like to create well defined linking invariants to detect higher degree iterated white-

head products like [[A1, [As, [+ Apy]] -+ 1], [Amy 1y - - Ao -+ |-

7.4 Generalizing G(p,q) to higher dimensions

We constructed G(p,q,r) by “smashing” a null homotopic map (orange & blue chords)
S% — Emby(I, M) and a null homotopic map (green chords) S* — Emby(1, M).

We can generalize this to construct maps S* — Emby(I, M) by using 2 different null
homotopic maps S? — Emby(I, M) or a map S' — Emby(I, M) smashed with a map S* —
Emby (I, M). (We could expect some relations between these two constructions given that
(A, [B,[C, D]]] + [B,[|C, D], A]] + [[C, D], [A, B]] = 0 on the Whitehead product side). We
can further generalize these to higher homotopy groups of Embs (7, M) and the question to

ask would be if these are the generators of those groups.

7’5 E(p7 Q7T)

We can somewhat generalize the construction of E(p,q) from [BG21] to a map (I3, 91%) —
(Emby(I, M),~) as shown in Figure 7.1. This does not appear to be a linear combination of

G(p,q,r) unlike E(p,q) which equals —G(—q,p) + G(p, —q). However, this element is also
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Figure 7.1: E(p, q,r) construction
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null homotopic in T3Embg(7, M) by a similar but simpler argument as we did for G(p, q,r)
in Chapter 4 (because it only requires transitions between undo and backtrack homotopies),
but it remains to be seen if this is non trivial in m3Embg(7, M).

Other properties of the equivalence classes (for analogues, see Lemma 2.24, Prop 2.28
in [BG21]) of E(p,q,r) like independence of end homotopies, multilinearity (up to certain

restrictions) also hold.
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